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Abstract
The ring-down phase of black-hole perturbations is governed by the Quasi-Normal modes (QNM)
and offer valuable insight into the nature of the objects emitting them, raising an interesting
question: Whether QNMs can be used to distinguish between theories of gravity? We construct
a consistency test of General Relativity (GR) which enables one to distinguish between General
relativity and a specific class of modified theories of gravity: f(R). We show that an energetic
inequality between scalar (polar) and vector (axial) type gravitational perturbations will exist for
Reissner-No¨rdstrom solutions of GR - using which we find a novel method of determining the
charge of a non-spinning black hole in GR. We then show that there will be a further energetic
difference for charged black holes in f(R). Finally, we utilize this extra difference to construct a
parameter to quantify deviation from GR.
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I. INTRODUCTION
General Relativity has been an unprecedented success in describing the majority of astro-
physical phenomena. Its recent successes include the direct detection of gravitational waves
from the binary black hole and binary neutron star mergers by the LIGO-VIRGO collabo-
ration [1, 2]. These detections have raised questions about the possibility of obtaining the
severe constraints on the degree of validity of general relativity in the strong gravity regimes.
General relativity is far from being a complete theory. It predicts black-holes, with a
singularity at their centers, and represents a breakdown of general relativity as the classical
description cannot be expected to remain valid in the extreme condition near the singularity.
Physically, the singularity of the stationary vacuum isolated black-hole solutions is connected
with the infinite growth of the curvature invariants, such as the Kretschmann invariant.
Several modifications to general relativity have been proposed to remove the singularity.
In general, the modifications contain higher derivative and nonlocality [3–8]. The question
that naturally arises is, how to distinguish between general relativity and modified theories
of gravity? Are there any unique signatures for the modified gravity theories that can
potentially be detected in the terrestrial (like Einstein Telescope) or space based observations
(like eLISA)?
Astrophysical black-holes that are in the centers of the galaxies or formed due to the
collapse interact with the external surroundings. Thus, these black-holes are perturbed
continuously compared to the exact solutions in general relativity or modified theories of
gravity. The perturbed black-hole responds by emitting gravitational waves [9–12]. More
specifically, the response consists of a broadband burst, followed by the quasi-normal mode
ringing [13–18]. Interestingly, the quasi-normal modes — damped resonant modes of black-
holes — are independent of the nature of the perturbation and, only depends on the black-
hole parameters like Mass M , Charge Q and angular momentum a [9–12].
Many modified theories of gravity predict an extra degree of freedom, besides the two
transverse modes, in the gravitational waves [1, 19–23]. The question that raises is: Whether
the extra mode leaves any signatures in the quasi-normal mode ringing and provide a new
way of distinguishing general relativity from modified theories of gravity? Previous analysis
of Reissner-No¨rdstrom black holes in f(R) theories were done in [24, 25]
Recently the current authors showed explicitly while the two types of black hole pertur-
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bations — scalar (polar) and vector (axial) — share equal amounts of emitted gravitational
energy in General relativity, in f(R) theories they do not share same amounts of emitted
gravitational energy. The current authors also identified a parameter to distinguish between
general relativity and f(R) [26].
In this work, we extend the analysis for charged Reissner-No¨rdsrtom (RN) black-holes in
f(R) theories whose action is:
S =
∫
d4x
√−g
[
f(R)
2κ2
+LEM
]
; κ2 =
8piG
c4
, (1)
where
LEM = −1
4
FαβFαβ (2)
is the Lagrangian density for classical electrodynamics. Although, f(R) theories are higher
derivative theories, they do not suffer from Ostro¨gradsky instability [27]. They arise as a
low-energy limit of many superstring theories [28–32]. Also, higher-order Ricci scalar terms
can account for some high-energy modifications.
It is important to note that the astrophysical black-holes probably neutralize their electric
charge rather quickly and are expected to remain nearly neutral. However, the reasons
for the doing the detailed analysis for Reissner-No¨rdstrom black-hole are: (i) Like Kerr,
unlike Schwarzschild, Reissner-No¨rdstrom has two parameters to describe the black-hole.
(ii) Unlike Kerr, Reissner-No¨rdstrom is spherically symmetric, and it gives critical insight
into obtaining a quantifying tool for deviations from general relativity. (iii) The time-scales
involved in charge neutralization is usually longer than the time-scale in which black-hole
forms in an NS-NS merger [2]. Parameter estimation of these black holes are done by
matching the observed waveforms with available simulation templates. However, due to the
immense computing power already required to estimate such parameters, currently there is
no template for obtaining the charge these black holes might possess. In this work, we show
that QNMs at the epoch of the formation of such black-hole will contain signatures of the
charge of these black-holes. More specifically, we show that it is possible to estimate the
charge of a black hole from the energetics of quasi-normal modes. We also explicitly obtain
a measure for deviations from general relativity using the energetics of quasinormal modes
in f(R) theories.
In Section II, we formulate the problem of a charged black-hole perturbations in general
relativity and illustrate a novel method of finding the charge of a Reissner-No¨rdstrom black-
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hole — an unique method proposed in this work. In Section III, we obtain an expression
for the radiated energy-momentum of perturbation for a charged black-hole space-time. In
Section IV we extend the gauge invariant analysis of Section II for a charged black hole in
f(R) theory and obtain a new quantifying measure of the energetic difference due to the
presence of the massive scalar mode.
In this work the metric signature we adopt is (−,+,+,+) and we set G = c = 1,
4pi = 1, implying that a point charge Q has a Coulomb potential Q
r
. We use Greek
letters to refer to 4-dimensional space-time indices (0 · · · 3), lower Latin indices refer to the
orbit space coordinates (0, 1), and upper Latin for the two angular coordinates (2, 3). The
various physical quantities with the over-line refer to the values evaluated for the spherically
symmetric background, whereas superscript (n) represents the n-th order perturbed quantity.
II. PERTURBATIONS OF RN SPACE-TIME IN GENERAL RELATIVITY
In this section, we discuss the formalism to obtain the linear order perturbations about
Reissner-No¨rdstrom space-time in general relativity (GR). The discussion in this section
follows the formalism developed by Kodama and Ishibashi [33]. In Sec. II B, we show that
for a non-spinning black-hole in GR, any energetic difference would imply that the black-hole
possesses charge.
A. Dynamics of perturbation
Following Refs. [33], we decompose the 4-D background space-time with metric gµν into
a product of an orbit space with metric gab and a 2-sphere (S 2) with metric γAB. The
background line element is [34]
ds2 = −g(y)dt2 + 1
g(y)
dr2 + ρ2(y) dΩ2 (3)
where
g(y) = 1− 1 + q
2
y
+
q2
y2
; ρ(y) = y =
r
rH
M =
rH(1 + q
2)
2
;Q = q rH ; rH = M +
√
M2 −Q2 . (4)
rH is the horizon radius, y is the dimensionless radius from the center, M is mass of the
black-hole, and q is the dimensionless charge of the hole, scaled by the horizon radius rH .
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Unlike Schwarzschild and Kerr, RN space-times are characterized by a non-zero back-
ground energy-momentum tensor corresponding to the electromagnetic field tensor
T¯µν = F¯µαF¯ν
α − 1
4
g¯µνF¯αβF¯
αβ . (5)
However, gµνT
µν
= 0 and hence, the space-time is Ricci flat. The background equations of
motion are given by
Rµν = κ
2T µν (6)
F
µν
;µ = 0 (7)
T
µ
ν =

−Pδab 0
−−− −−−
0 PδAB
 (8)
P =
Q2
κ2y4
. (9)
Perturbations about a curved background space-time g¯µν can be represented as
gµν = gµν +  hµν (10)
where  is a book-keeping parameter which will be set to unity at the end of the calculation.
Similarly,
gµν = gµν −  hµν + O(2) (11)
Rµν = Rµν + R
(1)
µν + 
2R(2)µν (12)
Although the perturbations hµν is a tensor in the full 4-dimensional space-time, individ-
ual components behave differently under rotations in the subspace (S 2). Specifically, hab
transform as scalars, haB as vectors, and hAB as tensors, thus enabling us to separate hµν
into scalar, vector, and tensor parts, respectively. As shown in Ref. [26], tensor perturba-
tions do not exist in (2 + 2) space-times, hence, hµν separates into scalar and vector parts
which are decoupled at linear order as
hµν = h
V
µν + h
S
µν . (13)
All the components of the perturbation tensors hµν are not independent. Two gauge in-
variant functions - Φ0V and Φ
0
S, from the components of h
V/S
µν completely determine the
gravitational sector of the perturbation [35].
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For the electromagnetic field, the electromagnetic four-potential corresponding to the
background line-element (3) is given by
A¯µ ≡ (Aa, AA) =
(√
2Q
κr
, 0, 0, 0
)
. (14)
Under coordinate transformations in S 2, Aa transform as scalars while AA transform as
vectors [33]. Using this property, the perturbed Electromagnetic field tensor δFµν can be
similarly separated into
δFµν = δF
V
µν + δF
S
µν , (15)
at linear order. Gauge invariant master variables AV and AS defined from δFµν and the
perturbed Maxwell equations [33] similarly classify the Electromagnetic sector of the per-
turbations.
The perturbation equations for each `, after assuming a time dependence of eiω˜t˜ (ω˜ = rHω
and t˜ = t
rH
), satisfy the following four effective one-dimensional second order differential
equations:
d2ΦV±
dx2
+
(
ω˜2 − V V±
)
ΦV± = 0 (16)
d2ΦS±
dx2
+
(
ω˜2 − V S±
)
ΦS± = 0 , (17)
where
x = y − ln(y − 1)
q2 − 1 +
q4 ln (y − q2)
q2 − 1 (18)
is the generalized, scaled tortoise coordinate, V
V/S
± are short-range scattering potentials
(defined for each ` ≥ 2) with a maximum and asymptotically falling to zero for x → ±∞.
Unlike the Schwarzschild [26], the above quantities ΦV±,Φ
S
± are the superposition of the
gravitational and electromagnetic gauge-invariant perturbations. Details can be seen in
Appendix A.
B. Difference in radiated energy flux at infinity between scalar and vector per-
turbations
In the case of Schwarzschild, only gravitational (scalar and vector) modes exist. The
scalar and vector modes are related. Also, the effective potentials they satisfy are associated.
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Thus, gravitational radiation from the perturbed Schwarzschild black-hole, as detected at
asymptotic spatial infinity, have an equal contribution from the scalar and vector modes
[11, 26].
In the case of RN, as mentioned above, along with the two gravitational modes, two
types of electromagnetic perturbations are also present. As discussed in Appendix A, it is
the superposition of the gravitational and electromagnetic perturbations that are related.
Thus, the two perturbations cannot be treated separately; perturbation of one will affect the
other [11, 33, 36]. In other words, an incident wave from radial infinity in the RN space-time
that is purely gravitational will result in a scattered wave which has both gravitational and
electromagnetic component.
Gunther [36] quantified the fraction of incident gravitational radiation converted into
electromagnetic radiation due to the scattering process. Defining the conversion factors CV/S
as the fraction of the incident gravitational energy flux of vector/scalar type, converted into
electromagnetic energy flux, [36] shows that CS ≥ CV . The equality holds for Q = 0 for
which CS = CV = 0. Hence, in RN, the scattered gravitational radiation due to a purely
gravitational incoming wave will have less contribution from scalar perturbations compared
to vector perturbations.
In the Schwarzschild case the scattered energy fluxes are equally distributed between the
scalar and vector modes [11, 26]. In RN spacetimes, the fraction of the gravitational flux
radiated through the vector mode, that reaches an observer, compared to the net (gravita-
tional+electromagnetic) radiated vector mode flux is 1 − CV . Similarly, the gravitational
fraction of the net scalar mode flux is 1 − CS. Thus, the relative difference in scattered
gravitational energy fluxes between scalar and vector perturbations can be defined as:
∆GR =
(1− CV )− (1− CS)
1− CV =
CS − CV
1− CV . (19)
Appendix B contains the details of the calculation of the conversion factors. Fig. 1 describes
the behavior of ∆GR with respect to the scaled charge (q) and QNM frequency (ω), whereas
Fig. 2 shows the behavior with respect to q and dimensionless frequency ω˜. From Fig. 1
and Fig. 2 it is clear from the mode dependence of CV/S that ∆GR between the two massless
modes give a measure of the black hole charge. Importantly, for a non-spinning hole, an
energetic difference would imply that the black hole possesses charge. We will use this result
in Sec. IV to obtain a quantifying tool between GR and f(R).
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(a)
(b)
(c)
FIG. 1: Relative energy flux difference ∆GR for three different horizon radii. Increasing BH
size leads to larger characteristic length scales for the space-time leading to the shift of the
profiles towards low frequencies.
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FIG. 2: Relative energy flux difference between scalar and vector emissions as a function of
scaled charge q and dimensionless frequency ω˜.
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III. PERTURBATIONS IN CURVED RICCI FLAT SPACE-TIMES FOR f(R)
THEORIES
A. Linear order perturbation equations
The Lagrangian density of an f(R) theory can be represented by a polynomial of the
form f(R) = R + αR2 + βR3 + O(R4). The metric perturbations hµν about a background
space-time and a Ricci perturbation about R = 0 (which is a solution of polynomial f(R)
theories) can help us truncate terms of powers higher than 2 [26]. Thus, we retain only the
quadratic term
L = R + αR2. (20)
Using the bounds found from Eo¨t-Wash and fifth force tests [19], in this work, we set
α = 10−9m2. The equations of motion corresponding to the above action (20) are
Gµν = T
eff
µν + κ
2Tµν (21)
T effµν = 2α
[
R;µν − gµνR + 1
4
gµνR
2 −RRµν
]
,
where the higher derivative terms arising due to αR2 term in L are referred to as effective
energy-momentum tensor and Tµν was defined in (5). As shown in Ref. [26], perturbations
of T effµν can be mapped to parameters (density, pressure, flux, anisotropic pressure) of a
space-time fluid. This fluid acts as an extra massive scalar degree of freedom [19].
Perturbation about a curved background space-time gµν is given by Eq. (10). Electro-
magnetic field equations in curved space-times in Lorentz gauge are given by
Aν −RµνAµ = 0 (22)
a perturbation of the 4-potential is given by
Aµ = A¯µ + A
(1)
µ (23)
Dynamics of the extra degree of freedom is contained in hµν . In order to extract the extra
field out off hµν , the perturbation variable can be redefined as [19]
ψµν = hµν − gµν
(
h
2
+ 2αR(1)
)
(24)
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where ψµν is a purely spin-2 field describing the two polarization modes and R
(1) = gαβR
(1)
αβ
is the extra scalar degree of freedom. Using the Lorentz gauge condition [19, 37] for the
gravitational and electromagnetic fields
ψµν;µ = 0, (25)
A(1)µ ;µ = 0 , (26)
linearization of Eq. (21) and (22) leads to
ψµν + 2Rαµβνψαβ = κ2 (Uµν +Tµν) (27)
A(1)ν = Vν + 2κ2T¯µνA(1)µ (28)
where
Uαβ = 2ψ
µνF¯αµF¯βν − g¯αβψµνF¯νρF¯ ρµ − 2F¯ νµ F¯ µ(αψβ)ν
(29)
Tαβ = −2F (1)αµ F¯ µβ − 2F¯αµF (1)µβ + g¯αβF¯ .F (1) (30)
Vν = 2ψ
αβF¯αν;β + ψ
β;α
ν F¯αβ (31)
See Appendix (D) for more details. The extra degree of freedom follows from the trace of
the linearized equation (21)
R(1) − γ2R(1) = 0 (32)
where γ = 1/
√
6α. Eqs. (27), (28), and (32) together describe the dynamics of perturbations
in f(R) theories.
B. Energy-Momentum pseudotensor of perturbation
As mentioned earlier, the perturbed black-holes respond by emitting gravitational waves.
Isaacson [37, 38] was the first to quantify the energy-momentum density carried by a gravita-
tional perturbation in general relativity by evaluating the energy-momentum pseudotensor.
Energy-momentum pseudotensors have been studied previously in [39],[40]. For f(R) theo-
ries, the net field tensor of a perturbed Reissner-No¨rdstrom space-time
Gµν ≡ Gµν − T effµν − κ2Tµν (33)
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can be expanded in powers of  as follows
Gµν = G¯µν + G
(1)
µν + 
2G(2)µν . (34)
Following Isaacson [38], the energy-momentum density carried by the gravitational and
electromagnetic waves in f(R) theories can be quantified as
G¯µν = −2〈G(2)µν 〉 ≡ κ2 tµν (35)
tµν = − 
2
κ2
〈G(2)µν 〉 (36)
where 〈...〉 denotes averaging over small wavelengths [38]. The averaging process is done
over a region where the change in background curvature is negligible compared to the change
in perturbation variables - yielding a gauge invariant measure of the energy-momentum of
perturbation. (For details, see Appendix C 2.) The averaging procedure retains the gauge
invariance of gravitational waves. For a Ricci flat space-time, the energy-momentum tensor
of perturbation is given by
tµν = t
I
µν + t
II
µν + t
III
µν + t
IV
µν + κ
2〈Pµν〉 (37)
tIµν = −
1
4κ2
〈
ψαβ;µ ψαβ;ν
〉
; tIIµν =
α
6κ2
gµν
〈(
R(1)
)2〉
tIIIµν =
18α2
κ2
〈
R(1);µ R
(1)
;ν
〉
; tIVµν = 2κ
2
〈
A(1)α;µ A
(1)
α;ν
〉
, (38)
where the detailed calculations and the form of 〈Pµν〉 have been given in Appendix C.
Eq. (37) allows us to draw the following important conclusions which is the first result of
this paper. First, the energy density associated with the perturbation is t00. t
III
00 is quadratic
in α2 while tII00 is linear in α. Second, in the case of flat space-time, t
II
00 vanish while t
I
00 and
tIII00 are non-zero. This provides an interesting prospective that the leading order corrections
to general relativity go as α in curved space-time while as α2 in the flat space-time. Third,
tII00 vanishes at the horizon as g00 → 0 near the horizon. Thus, we have
tII00 → 0 as r → rH (g00 → 0) (39)
→ 0 as r →∞ (R(1) → 0) (40)
The vanishing of tII00 at the horizon and at infinity imply that the non-propagating contri-
bution due to the modification of gravity exist around the black hole event horizon, which
leaks energy of the order α from the massless spin-2 mode to the massive extra degree of
freedom.
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IV. QUANTIFYING TOOL FOR RN BLACK-HOLES
A. Modified dynamics
The perturbed effective energy momentum arising out of higher derivative terms of f(R)
gravity, about R = 0, takes the form
T (1),effµν = 2α
(
R(1)µν − g¯µνR(1)
)
(41)
where we have ignored terms of O (ακ2). Like the metric perturbation, this effective energy-
momentum tensor can also be decomposed into scalar and vector spherical harmonics [26, 35].
Perturbations of the effective source term couples only to the scalar part of the massless
perturbations leaving the vector part unchanged. As discussed in Sec. II A, on linearizing
(21) and it’s trace (32), by decomposing the metric and effective matter (T effµν ) perturbation
into scalar and vector part one obtains
d2ΦV±
dx2
+
(
ω˜2 − V V±
)
ΦV± = 0 (42)
d2ΦS±
dx2
+
(
ω˜2 − V S±
)
ΦS± = S
eff
± (43)
d2Φ
dx2
+
(
ω˜2 − V˜RW
)
Φ = 0 (44)
where x = r∗/rH , ω˜ = rHω. Perturbations of the extra mode involves perturbing the Ricci
scalar and, as shown in [41], is given by δR = ΩS and Φ = rΩ whose equation of motion was
obtained from (32). It is important to note that the time dependence eiωt was assumed for
both the massless and the massive modes. The inhomogeneous effective source terms have
the following forms [26, 33]
Seff± = c±Φ˜ + d±
dΦ˜
dx
(45)
where Φ˜ = 4αΦ
H
, H(r) ≡ H = k2 − 2 + 3(1+q2)
y
− 4q2
y2
, and the coefficients (c±, d±) depend on
the parameters of the background space-time.
B. An extra difference in energy densities
As seen in our earlier study for the Schwarzschild space-time [26], modification to the
Einstein-Hilbert action and its corresponding perturbed equations of motion only modifies
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the scalar sector of the perturbation leaving the vector modes unchanged. In other words, the
part of the perturbed energy density of the scalar sector leaks into this new massive mode,
leading to a decreased energy density in the scalar modes. Due to the massive nature of the
extra mode, excitations of the field around the black hole do not travel to asymptotic infinity
and cannot be detected. However, the relative difference between the energy densities of
scalar and vector modes can be used as an indirect probe to determine if such fields exist in
nature.
As shown in Ref. [19], exciting the massive field in flat space is almost impossible, owing
to the large frequency (and hence energy) cutoff (32) required by a gravitational perturbation
to excite it. However, near a black hole that is not the case. To demonstrate this, we write
down the exact form of the potential V˜RW
V˜RW =
(
1− 1 + q
2
y
+
q2
y2
)(
k2
y2
+
1 + q2
y3
− q
2
y4
+
1
6α˜
)
,
(46)
where α˜ = α
r2H
. At large distances from the black hole (y →∞) V˜RW → 16α˜ , which gives back
the flat space limit of the minimum frequency required to excite the massive field. However,
for very small α, the potential can be approximated as
V˜RW ≈
(
1− 1 + q
2
y
+
q2
y2
)
r2H
6α
. (47)
Thus near small black-holes the minimum frequency (and hence energy) required to excite
the massive field is lesser than that of flat space.
Eq. (37) contains the effective energy-momentum density of f(R) gravity due to a metric
perturbation hµν about the spherically symmetric space-time. We would like to highlight
that the leading order corrections to the energy-momentum tensor in curved geometries
near black-holes for f(R) theories go as α in contrast to α2 in flat space. Ignoring the α2
contribution near black-holes, rH scaled energetic deviation term is given by
tIIµν = 〈
α
6r4H
g¯µν
(
R˜(1)
)2
〉 (48)
where R(1) = R˜
(1)
r2H
and R˜(1) is dimensionless. Thus, the energy density leaking into the
massive mode from the massless modes is of the order α
6r4H
and the ratio of energetic difference
between the scalar and vector modes can be defined as
∆mod =
(
1 +
1− CV
1− CS
)
tII00
tI00
(49)
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where the term in the bracket indicates that the ratio is taken with respect to the radiated
gravitational energy density in the scalar mode instead of the net (scalar+vector) radiated
gravitational energy density. Assuming the metric and rescaled Ricci perturbations are of
the same order, and using Eq. (37), we get
∆mod =
2
3
(
1 +
1− CV
1− CS
)
α
ω˜2r2H
. (50)
The above parameter is the difference in energy density between the vector and scalar
perturbations for f(R) theories of gravity. This helps us to quantify a deviation from general
relativity in the following manner:
• Measure of the charge of a black hole obtained in general relativity from energetic dif-
ference of the massless modes and from the real & imaginary parts of the quasinormal
frequencies are equal.
• In f(R) theories, the extra massive field will lead to further energetic difference of the
massless modes. Thus a measure of charge obtained from the energetic difference will
be different from the one obtained from the quasinormal frequencies which only brings
information about the three parameters mass, charge, and angular momentum - owing
to no-hair like theorems holding for f(R) theories [42] and for Lovelock theories [43].
• The difference in the measured charge (the magnitude of difference depending on
α) from the two methods should in principle allow us to detect and constraint any
deviations from general relativity. Note that expression (50) implies that deviation
from GR is better detectable
(
∼ 1
r2H
)
from the ringdown of smaller black-holes.
Fig. 3 are plots of ∆mod versus charge q and QNM frequency ω for ` = 2 and for three
different horizon radii rH , whereas Fig. 4 is a 3-D plot of the same with respect to the scaled
charge q and dimensionless frequency ω˜. Note that the behavior of ∆mod is dominated by
the rescaled frequency ( 1
ω˜2
) and has a weak dependence on Q dependence through CV/S.
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(a)
(b)
(c)
FIG. 3: Relative energy flux difference ∆GR for three different horizon radii. Increasing BH
size leads to larger characteristic length scales for the space-time leading to the shift of the
profiles towards low frequencies.
16
FIG. 4: ∆mod as a function of the scaled charge q and dimensionless frequency ω˜.
V. CONCLUSIONS AND DISCUSSIONS
As we have shown, the energetic equality between scalar and vector type gravitational per-
turbation is broken in the presence of charge in a black-hole. Hence, scattered gravitational
radiation of the scalar and vector types carry different energies with them to asymptotic
infinity - the extent of the difference depends on the magnitude of the charge. In other
words, scalar type perturbations carry less energy to an observer at infinity compared to
the vector type. This is because of the coupled nature of gravitational and electromagnetic
perturbations in a Reissner-No¨rdstrom space-time and the fact that the degree of coupling
depends on the perturbation type.
A dimensionless parameter estimating the relative difference of energy flux between the
scalar and vector modes was approximated using a parametrized Po¨schl-Teller potential
which mimics the effective scattering potential of the two massless modes. A relationship
between the spectrum of the relative difference between energy fluxes and the horizon radius
scaled black hole charge was found, using which the charge of a spherically symmetric black
hole in general relativity can be obtained from observations. We would like to mention to
the readers that we have used Po¨schl-Teller potential as a preliminary estimate to obtain
the reflection coefficients. Using higher-order WKB method and other semi-numerical meth-
ods it is possible to obtain correct estimates [15–18]. We plan to obtain a more accurate
numerical estimate in a future publication.
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On a modification to gravity like f(R), there comes an intrinsic extra massive degree
of freedom in addition to the two massless ones. The massive mode couples itself only to
the scalar type. We have shown explicitly that this massive mode can be excited relatively
easily around a black-hole as compared to flat space. Hence, as seen in the RHS of (43), the
scattered gravitational wave will have leakage of energy to the massive mode owing to the
ease of its excitation and a coupling to the scalar type perturbation.
Using Isaacson’s prescription of calculating the energy-momentum pseudo-tensor of black-
hole perturbations, we have obtained an accurate and robust method of estimating the
difference in the radiated energies of the scalar and vector modes due to modifications to
general relativity. The difference in the scattered energies of the massless modes for a charged
black-hole will then have contributions from both the charge and the presence of the massive
mode - which will result in the measure of charge using energetic difference (following Fig. 2)
to be larger than the actual charge. Using the real and imaginary parts of the quasi-normal
frequencies the charge of the black-hole can be obtained. Although astrophysical black-
holes are expected to be charge-neutral, the time-scales involved in charge neutralization is
usually longer than the time-scale in which black-hole forms in an NS-NS merger. Thus,
the presence of charge after the merger can also cause a difference in radiated energies of
the massless modes. It is then possible that the charge of a black-hole is so small that
∆GR becomes comparable to ∆mod. But even in the tiny charge case, there will always be a
difference in the two measurements (frequency and energetics) of the black-hole charge for a
modification to gravity in the form of an intrinsic extra degree of freedom. This difference,
if any, will constrain deviations from general relativity. However, it is necessary to note that
the estimation of charge from the real and imaginary parts of the Quasinormal frequencies
involve inclusion of the charge parameter in the template waveforms that are matched with
the data to estimate all the parameters of the merging phenomenon. Currently, because
of the immense computing power already required, templates taking charge into account
are absent. However, better sensitivity and efficient algorithms of detection will help in
expanding the parameter space for charge as well as modified gravity theories.
Gravitational radiation detected at asymptotic infinity by a freely falling observer are
characterized by two polarization amplitudes h+ and h×, related to how distances between
freely falling particles change as a gravitational wave passes through them. The vector/scalar
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amplitudes are related to the polarization amplitudes in the following manner [26]
dΨS
dΩ
= h+Sθθ + sin
2 θh×Sθφ (51)
dΨV
dΩ
= h+Vθθ + sin
2 θh×Vθφ (52)
where ΨV/S =
ΦV/S
r
, SAB & VAB are scalar and vector type harmonic tensors respectively
[33], and Ω is the solid angle. Details of the above result are given in Appendix E. The LHS
of (51) and (52) quantify the flux of scalar and vector amplitudes that reach an observer at
flat asymptotic infinity. In [1], individual intensities of the polarization of the h+/× modes
were found from three detector observations. But the current resolution of the ringdown
region is still poor, which is required to obtain charge and constrain deviations. In future
detections, possibly in space based detectors like LISA, improved sensitivity would lead to
a better resolution of the ringdown region of the gravitational waves, especially for NS-NS
mergers. For such accurate observations it is then possible, in principle, to obtain the flux
content of the scalar and vector modes from the polarization intensities of the ringdown
stage.
Although in this work, we have focused on spherically symmetric space-times with the
matter, the analysis in Sec. III B holds for arbitrary curved space-times, including Kerr and
Kerr-Newmann. In the case of Kerr, last two terms in Eq. (37) vanishes. It is possible to
obtain a measure of the energy leakage from the massless to the massive mode as like in Eq.
(50). However, owing to the reduction in the symmetry of Kerr compared to Schwarzschild
or Reissner-No¨rdstrom space-times, the breaking up of a general perturbation into scalar and
vector types (which was possible under rotations in S 2 in a spherically symmetric space-
time) becomes a non-trivial problem and has so far only been done in special cases like slow
rotation approximation [44]. We hope to address the perturbation of Kerr black-holes in
f(R) theories in a later paper.
The analysis in the paper has focused on a specific form of modified theories of gravity,
and we plan to extend the analysis to other theories of gravity for spherically symmetric
space-times.
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Appendix A: Dynamics of gravitational and electromagnetic perturbations in gen-
eral relativity
1. Vector perturbations
In 2+2 dimensions, the master variables Φ0V and AV for the background ds
2(gab)
ds2(gab) = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
dr2(
1− 2M
r
+ Q
2
r2
) ,
satisfy the following coupled differential equations for source free (sources other than elec-
tromagnetic fields) space-times [35]
r2Da
(
1
r2
DaΩ
)
− k
2 − 1
r2
Ω =
2
√
2κQ
r2
AV (A1)
˜AV − 1
r2
(
k2 + 1 +
4Q2
r2
)
AV =
√
2Q (k2 − 1)
κr4
Ω
(A2)
where Φ0V =
Ω
r
, ˜ ≡ gabDaDb, and k2 = `(`+ 1).
To decouple (A1) and (A2) two new variables ΦV± are defined as
ΦV± = a
V
±Φ
0
V + b
V
±AV (A3)(
aV+, b
V
+
) ≡ (Q(k2 − 1)
3M + ∆
,
κ√
2
)
(A4)
(
aV−, b
V
−
) ≡ (1, −2√2κQ
3M + ∆
)
(A5)
where ∆ =
√
9M2 + 4(k2 − 1)Q2.
Using (A3) on (A1) and (A2), transforming to tortoise coordinates, and scaling with
respect to rH one obtains (16)
d2ΦV±
dx2
+
(
ω˜2 − V V±
)
ΦV± = 0 (A6)
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where the unscaled V V± is given by
V V± =
g
r2
(
k2 + 1 +
4Q2
r2
+
−3M ±∆
r
)
. (A7)
Note that for r → rH , g → 0 and V V± → 0, for r →∞, V V± → 0, and V V± ≥ 0 for rH ≤ r <∞
- indicating the short ranged scattering nature of the potentials.
2. Scalar perturbations
The master variables Φ0S and AS satisfy the following coupled system in 2+2 dimensions
g
d
dr
(
g
dΦ0S
dr
)
+
(
ω2 − VS
)
Φ0S = 0 (A8)
˜AS − 1
r2
(
k2 +
8Q2g
r2H
)
AS =
√
2Q
κr3
(
2H2 − PZ
4H
Φ0S
+gr
dΦ0S
dr
)
(A9)
where H = k2− 2 + 6M
r
− 4Q2
r2
, and PZ =
8M2
r2
+ 2M
r
(
−4Q2
r2
+ 6 k2 − 6
)
− 8(k
2+1)Q2
r2
− 4 k2 + 8.
Eqs. (A8) and (A9) can be decoupled by the following transformation
ΦS± = a
S
±Φ
0
S + b
S
±AS (A10)(
aS+, b
S
+
) ≡ (Q(k2r + 3M + 3µ− 2 r)
2r
,
3 (M + µ)κ√
2
)
(A11)(
aS−, b
S
−
) ≡ (3(M + µ)− 4Q2
r
,−4
√
2Q
κ
)
(A12)
where µ =
√
M2 + 4
9
(k2 − 2)Q2.
Using (A10) in (A8) and (A9), transforming to tortoise coordinates, and scaling with
respect to rH one obtains (17):
d2ΦS±
dx2
+
(
ω˜2 − V S±
)
ΦS± = 0 (A13)
where V S± are scattering potentials similar to V
V
± and have the same reflection and trans-
mission coefficients.
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Appendix B: Parametrized Po¨schl-Teller potential approach for calculating conver-
sion factors CV/S
1. Decoupled nature of the Gravitational and Electromagnetic perturbations
At the boundaries x→ ±∞, ΦV/S± is given by
Φ
V/S
± ∼ eiω˜x +
√
R
V/S
± e
i
(
δ
V/S
±,(r)−ω˜x
)
x→∞ (B1)
Φ
V/S
± ∼
√
T
V/S
± e
i
(
δ
V/S
±,(t)+ω˜x
)
x→ −∞ (B2)
where R
V/S
± & T
V/S
± are the reflection and transmission coefficients associated with the
potentials V
V/S
± , while δ
V/S
±,(r/t) are the changes in phase of the incoming wave due to reflec-
tion/transmission off of the potential barriers V
V/S
± .
A purely gravitational wave incident on the black-hole space-time from x → ∞ is given
by
Φ0V/S,(i) 6= 0 (B3)
AV/S,(i) = 0 (B4)
where the reflected wave is given by [36]∣∣Φ0V/S,(r)∣∣ = ∣∣Φ0V/S,(i)∣∣ [RV/S+ sin2 +RV/S− cos2 
+2
√
R
V/S
+ R
V/S
− cos
(
δ
S/V
+,(r) − δV/S−,(r)
)] 12
sin  cos 
(B5)∣∣AV/S,(r)∣∣ = ∣∣Φ0V/S,(i)∣∣ [RV/S+ +RV/S−
−2
√
R
V/S
+ R
V/S
− cos
(
δ
S/V
+,(r) − δV/S−,(r)
)] 12
sin  cos 
(B6)
sin 2 = ∓2
√
−q1q2
(q1 − q2)2
S(−), V (+) (B7)
qi = 3M + (−1)i−1
√
9M2 + 4 (k2 − 2)Q2 i = 1, 2
(B8)
indicating that a purely gravitational wave on scattering off of the curvature of a Reissner-
No¨rdstrom space-time will have a minor electromagnetic component in the net scattered
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radiation. The factor multiplying
∣∣∣Φ0V/S,(i)∣∣∣ in (B6) is called the conversion factor (CV/S)
and was first calculated in [36], and shown that CS ≥ CV .
2. The Po¨schl-Teller method
To calculate CV/S we need to calculate the absolute (
√
R
V/S
± ) and phase (δ
V/S
±,(r)) parts
of the reflection amplitude of the form
√
R
V/S
± e
iδ
V/S
±,(r) - which can be found by utilizing
the method used in [45]. In this scheme the potentials V
V/S
± are replaced by a properly
parametrized Po¨schl-Teller potential which is of the form
UPT (x) =
U0
cosh2 [β(x− x0)]
(B9)
where U0 = UPT (x0) is the maximum value of the potential and β = −
√
1
2U0
d2UPT
dx2
∣∣∣
x=x0
is
the curvature about the maximum. Reflection amplitude for this potential was found from
[45]
R(ω) =
Γ
(
−iω
β
)
Γ
(
1 + χ+ iω
β
)
Γ
(
−χ+ iω
β
)
Γ
(
iω
β
)
Γ (1 + χ) Γ (−χ)
(B10)
where Γ(a) is the Gamma function and χ = −1
2
+
√
1
4
− U0
β
. Absolute and phase parts of
(B10) give the reflection coefficient and the phase change on scattering respectively.
Appendix C: Wave propagation in curved space and Lorentz gauge
1. Linearized equations of motion
First order perturbed quantities of interest are given by
G
(1)
αβ = R
(1)
αβ −
1
2
g¯αβR
(1) (C1)
T
(1),eff
αβ = 2α
(
R(1)µν − g¯µνR(1) − 2R(1)R¯µν
)
(C2)
T
(1)
αβ = F
(1)
αµ F¯
µ
β + F¯αµF
(1)µ
β − hµνF¯αµF¯βν −
1
4
[
hαβF¯
2
−g¯αβhρµF¯µνF¯ νρ − g¯αβhρνF¯µνF¯ µρ + 2g¯αβF¯ .F (1)
]
(C3)
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The linearized Ricci tensor is given by [37]
R(1)µν =
(
h;µν +hµν − hρα;βρ − hρβ;αρ
)
(C4)
Redefining the perturbation to be
ψµν = hµν − g¯µν
(
h
2
+ 2αR(1)
)
(C5)
and using the commutation relation of covariant derivatives [46], G
(1)
µν = 0 gives
ψµν + 2Rαµβνψαβ = κ2 (Uµν +Tµν) (C6)
Uαβ = 2ψ
µνF¯αµF¯βν − g¯αβψµνF¯νρF¯ ρµ − 2F¯ νµ F¯ µ(αψβ)ν
(C7)
Tαβ = −2F (1)αµ F¯ µβ − 2F¯αµF (1)µβ + g¯αβF¯ .F (1) (C8)
subject to the following gauge conditions
ψµν
;µ = 0 (C9)
ψ = 0 (C10)
Similarly, the curved space Maxwell equations in Lorentz gauge is
Aµ −RµνAν = 0 (C11)
The linearization of which then leads to
A(1)ν = Vν + 2κ2T¯µνA(1)µ (C12)
Vν = 2ψ
αβF¯αν;β + ψ
β;α
ν F¯αβ (C13)
subject to the gauge condition
A(1)µ ;µ = 0 (C14)
2. Derivation of the energy-momentum pseudo-tensor
The averaging over several wavelengths as introduced by [38] involves the following guide-
lines
• Total derivative terms of the form 〈Aα..β;µ〉 = 0.
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• 〈A;αB;β〉 = −〈A;αβB〉, where A and B are indexed tensor objects.
• Averages of a product of independent fields are zero.
Thus, various second order quantities become
G
(2)
αβ = R
(2)
αβ − hαβR(1) + g¯αβhµνR(1)µν −
1
2
g¯αβγ
µνR(2)µν
(C15)
T
(2)
αβ = 2F
(1)
αµ F
(1)µ
β −
1
4
(
2g¯αβF
(1).F (1)
−hαβhρµF¯µνF¯ νρ − hαβhρνF¯µνF¯ µρ
)
(C16)
T
(2),eff
αβ = α
[
4δ∇αR(1);β − 2hαβR(1) + 2g¯αβhµνR(1);µν
−g¯αβδ∇µR(1);µ + g¯αβ
(
R(1)
)2 − 4R(1)R(1)αβ]
(C17)
where
R(1)µν =
1
2
(
h;µν +hµν − hρα;βρ − hρβ;αρ
)
(C18)
R(2)µν = −
1
2
[
1
2
hρτ;β hρτ ;α + h
ρτ (hρτ ;αβ + hαβ;τρ
−hτα;βρ − hτβ;αρ) + hτ ;ρβ (hτα;ρ − hρα;τ )
−
(
hρτ;ρ −
1
2
h;τ
)
(hτα;β + hτβ;α − hαβ;τ )
]
(C19)
F (1)µν = ∂µA
(1)
ν − ∂νA(1)µ (C20)
Using (C5), (C9), (C10), (C14), and the commutation relation of the covariant derivatives
[46] on (C15)-(C17) one obtains after ignoring O(κ4) terms
〈G(2)αβ〉 =
1
4
〈ψρτ;αψρτ ;β〉 −
1
6
αg¯αβ〈
(
R(1)
)2〉 − 18α2〈R(1):α R(1);β 〉
−2κ2〈A(1)µ;αA(1)µ;β 〉+ κ2〈Pαβ〉 (C21)
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where
〈Pαβ〉 = −1
2
F¯ βF¯
ρ
 〈ψα τψρτ 〉 −
3
2
F¯ αF¯
ρ
 〈ψβ τψρτ 〉
−1
8
F¯ ρF¯ρ〈ψβ τψατ 〉+ 1
2
F¯ ρF¯ τ 〈ψαρψβτ 〉
+2F¯ αF¯
ρτ 〈ψβρψτ 〉 − F¯ ρF¯ τ 〈ψαβψρτ 〉
+g¯αβ
[
3
2
F¯ρF¯µτ 〈ψµψρτ 〉 − F¯ ρ F¯ τρ 〈ψµψµτ 〉
+
1
8
(
F¯
)2 〈ψ2〉] (C22)
Appendix D: Details of the effective source term of f(R) gravity
For a scalar perturbed energy-momentum tensor given by
T Sµν ≡

τabS rτ
(S)
a SB
−−− −−−−−−−−−
rτ
(S)
a SB r
2δPγABS+ r
2τ
(S)
T SAB
 , (D1)
from [35] the source term for the scalar perturbation of a charged black-hole was found to
be
Seff± = a
S
±SΦ + b
S
±SA (D2)
SΦ =
g
rH
[
−HST − P1
H
St
iω
− 4gr (St)
′
iω
− 4rgSr
+
P2
H
rSrt
iω
+ 2r2
(Srt )
′
iω
+ 2r2Srr
]
(D3)
SA =
2
√
2Qg
iωr2H
(2gSt − rSrt ) (D4)
where the prime denotes radial derivatives and
P1 = −32Q
4
r4
+
48Q2
r2
(
2M
r
− 1
)
− 48M
2
r2
+
4M
r
(
8− k2)
−2k2 (k2 − 2) (D5)
P2 = −32Q
2
r2
+
24M
r
(D6)
Sab = κ
2τab Sa =
rκ2
k
τ (S)a ST =
2r2κ2
k2
τ
(S)
T (D7)
Equating T Sµν = T
eff
µν the components of T
S
µν were found from [26] in terms of the massive
field Φ, using which components of Sab , Sa, and ST were found for (D3) and (D4). S
eff
± is
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only relevant around the horizon of the black hole where the presence of Φ is at the largest.
Hence, the coefficients c± and d± of (45) were calculated around the horizon in a power
series of g(y) ≡ g around the horizon and only contribution from 1
g
is relevant, which turn
out to be
c+ = −
(
3
2
q2 + k2y − 2 y + 1
2
√
9 + 9 q4 + (−14 + 16 k2) q2 + 3
2
)
q (q2y − 16 q2 + y) (q2y − 2 q2 + y)
4gy7H
(D8)
d+ =
(
3
2
q2 + k2y − 2 y + 1
2
√
9 + 9 q4 + (−14 + 16 k2) q2 + 3
2
)
q (q2y − 2 q2 + y)
2y4g
(D9)
c− = −
3
(
q2y − 8
3
q2 + 1
3
√
9 + 9 q4 + (−14 + 16 k2) q2y + y
)
(q2y − 2 q2 + y) (q2y − 16 q2 + y)
4gy7H
(D10)
d− =
3
(
q2y − 8
3
q2 + 1
3
√
9 + 9 q4 + (−14 + 16 k2) q2y + y
)
(q2y − 2 q2 + y)
2y4g
(D11)
Appendix E: Asymptotic behavior of h
V/S
µν and connection of Φ
V/S
± to h+/×
In [26, 47, 48] it was shown that only the traceless part of hAB contributes to the radiation
escaping to asymptotic infinity, and a connection was found between polarizations h+/× and
the gauge invariant perturbation variables of a Schwarzschild space-time
In [48] it was shown using the tetrad formalism developed in [49] that at asymptotic
infinity, hAB can be written in the locally flat coordinate system of an observer as
hAˆBˆ = e
A
Aˆ
eB
Bˆ
hAB (E1)
where eA
Aˆ
= diag [r−1, (r sin θ)−1] is the observer’s local tetrad and Aˆ is the tetrad index.
The traceless part of hAB has the form [33], where an implicit summation over multipole
index ` and projection index m was assumed
hAB = r
2
(
HSTSAB +H
V
T VAB
)
(E2)
Using (E1) in (E2) one obtains the traceless part of the perturbation in S 2 at a large
27
distance from the black-hole in a locally flat space-time as
hAˆBˆ ≡ HST
 Sθθ Sθφ
Sθφ
sin2 θ
Sφφ
sin2 θ
+HVT
 Vθθ Vθφ
Vθφ
sin2 θ
Vφφ
sin2 θ

(E3)
=
 h+ h×
h× −h+
 . (E4)
from which polarization amplitudes h+/× can be read off from (E3) as
h+ =
(
HSTSθθ +H
V
T Vθθ
)
(E5)
h× =
1
sin2 θ
(
HSTSθφ +H
V
T Vθφ
)
. (E6)
The asymptotic relationship between the perturbation variables and the scalar/vector master
variables were found from [47, 48], using which (E5) and (E6) becomes
h+ =
1
r
(ΦSSθθ + ΦVVθθ) (E7)
h× =
1
r sin2 θ
(ΦSSθφ + ΦVVθφ) . (E8)
which can be inverted as
ΦS
r
=
∫
h+SθθdΩ +
∫
sin2 θh×SθφdΩ (E9)
ΦV
r
=
∫
h+VθθdΩ +
∫
sin2 θh×VθφdΩ (E10)
Observation wise, the above relations are impractical since it involves observing the polar-
ization amplitudes at each point of the surface of a sphere and integrating over it - which is
unlikely, unless in future the technological challenge of encompassing the entirety of a black
hole with detectors can be overcome. Earth bound detectors can only observe gravitational
waves on a small patch of the sphere, given which, it is useful to find the quantity in the
LHS of (E9) and (E10) per unit solid angle, for which we obtain
dΨS
dΩ
= h+Sθθ + sin
2 θh×Sθφ (E11)
dΨV
dΩ
= h+Vθθ + sin
2 θh×Vθφ (E12)
where ΨV/S =
ΦV/S
r
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